Let R be a ring, M a nonzero left R-module, Ω an infinite set, and E = End R ( Ω M ). Given two subrings S 1 , S 2 ⊆ E, write S 1 ≈ S 2 if there exists a finite subset U ⊆ E such that S 1 ∪ U = S 2 ∪ U . In this paper we show that if M is simple and Ω is countable, then the subrings of E that are closed in the function topology and contain the diagonal subring of E (consisting of elements that take each copy of M to itself) fall into exactly two equivalence classes. We also show that every countable subset of E is contained in a 2-generator subsemigroup of E and, consequently, that every countable ring can be embedded in a ring generated by two elements.
Introduction
Let R be a ring, M a nonzero left R-module, Ω an infinite set, N = α∈Ω M, and E = End R (N). In this paper we will show that the ring E has some unusual properties that are analogous to properties of the symmetric group of an infinite set. In the next section we will demonstrate that every countable subset of E is contained in a 2-generator subring of E. (The proof also works if N is taken to be α∈Ω M.) This parallels Galvin's result that every countable subset of the symmetric group of an infinite set is contained in a 2-generator subgroup (cf. [3] ). A corollary of this result is that every countable ring can be embedded in a ring generated by two elements. The group-theoretic analog of this corollary has been known for a long time (c.f. [4] and [7] ).
Actually, our proof of the above result shows that a countable subset of E is contained in a 2-generator subsemigroup of E. This is a generalization of the result of Magill in [5] that every countable set of endomorphisms of an infinite-dimensional vector space is contained in a 2-generator subsemigroup of the semigroup of all endomorphisms of that vector space (see also [1] for a shorter proof).
Given two subrings S 1 , S 2 ⊆ E, we will say that S 1 ≈ S 2 if there exists a finite subset U ⊆ E such that S 1 ∪U = S 2 ∪U . We will devote the remainder of the paper to exploring properties of this equivalence relation. In particular, we will show that if M is simple, Ω is countable, and S ⊆ E is a subring that is closed in the function topology and contains D, the diagonal subring of E (consisting of elements that take each copy of M to itself), then either S ≈ D or S ≈ E (but not both). This is in the spirit the result of Bergman and Shelah in [2] that the subgroups of the symmetric group of a countably infinite set that are closed in the function topology fall into exactly four equivalence classes. (There the equivalence relation is defined the same way as the relation above, with subgroups in place of subrings.)
Along the way, we will also note a natural way of associating to every preordering ρ on Ω a subring E(ρ) of E. We will then show that if Ω is countable and M is finitely generated, then the subrings of the form E(ρ) fall into exactly two equivalence classes (again, represented by D and E). The result mentioned in the previous paragraph is actually a special case of this.
I am grateful to Professor Bergman, whose comments and suggestions have led to vast improvements in this paper.
Countable sets of endomorphisms
Let R denote a unital associative ring, M a nonzero left R-module, and Ω an infinite set. N will denote either α∈Ω M α or α∈Ω M α (the arguments in this section work under either interpretation), where each M α = M. We will write E to denote End R (N). Endomorphisms will be written on the right of their arguments. Also, given a subset Σ ⊆ Ω, we will write M Σ for the R-submodule of N consisting of elements (n α ) α∈Ω with n α = 0 for all α / ∈ Σ, and π Σ for the projection from
Finally, Z + will denote the set of positive integers, and if Γ is a set, |Γ| will denote the cardinality of Γ.
The following argument was obtained by tinkering with the proofs of Theorem 2.6 in [5] and Theorem 3.1 in [3] . Proof. We may assume that Ω = Z × Γ, where |Γ| = |Ω|. Let Σ = {0} × Γ. Also, let g 1 ∈ E be an endomorphism that takes N isomorphically to M Σ , and let g 2 ∈ E be the right inverse of g 1 that takes M Σ isomorphically to N and takes M Ω\Σ to zero. We note that g 2 g 1 = π Σ . Now, let U ⊆ E be a countable subset. We will show that U is contained in a 2-generator subsemigroup of E.
SinceŪ is countable, we can writeŪ = {u i : i ∈ Z}. For each i ∈ Z let us definê
. Also, let g 3 ∈ E be the automorphism that takes M (i, γ) identically to M (i+1, γ) for each i ∈ Z and γ ∈ Γ. Finally, let g 4 ∈ E be the endomorphism such that for each i ∈ Z the restriction of g 4 to M {i}×Γ isû i . Then for each i ∈ Z,
, we conclude that U is contained in the subsemigroup of E generated by {g 1 , g 2 , g 3 , g 4 , g 5 }.
It remains to be shown that {g 1 , g 2 , g 3 , g 4 , g 5 } is contained in a 2-generator subsemigroup of E. Write Ω as 7 i=1 Σ i , where the union is disjoint, and |Σ i | = |Ω| for i ∈ {1, 2, . . . , 7}. Also, write ∆ = 7 i=2 Σ i . Now, let f 1 ∈ E be an endomorphism that takes M Σ i isomorphically to M Σ i+1 , for i ∈ {1, 2, . . . , 5}, and takes M Σ 6 ∪Σ 7 isomorphically to M Σ 7 . Such an endomorphism will necessarily map N isomorphically to M ∆ . Also, let f 2 ∈ E be an endomorphism that takes N isomorphically to M Σ 1 . Write t i to denote the restriction of f
∈ E are right inverses of t i and f 2 , respectively. Writing t 6 = f 6 1 , we see that f 6 1 is an isomorphism from N to M Σ 7 and t
. . , 5}, and t
. . , 5}. So {g 1 , g 2 , g 3 , g 4 , g 5 } is contained in the subsemigroup generated by f 1 and f 3 .
Corollary 2. Every countable ring can be embedded in a ring generated by two elements.
Proof. Let S be a countable ring and Ω an infinite set. Then S embeds diagonally in End S ( α∈Ω S). So, by the previous theorem, the image of S is contained in a 2-generator subring of End S ( α∈Ω S).
Equivalence classes
In this section we will keep R, M, Ω, and E as above, but restrict our attention to the case N = α∈Ω M. However, we begin with a definition applicable to an arbitrary ring.
Definition 3. Let S be a ring, κ an infinite cardinal, and S 1 , S 2 subrings of S. We will write S 1 κ,S S 2 if there exists a subset U ⊆ S of cardinality < κ such that S 1 ⊆ S 2 ∪ U , the subring of S generated by S 2 ∪ U. If S 1 κ,S S 2 and S 2 κ,S S 1 , we will write S 1 ≈ κ,S S 2 , while if S 1 κ,S S 2 and S 2 κ,S S 1 , we will write S 1 ≺ κ,S S 2 . The subscripts S and κ will be omitted when their values are clear from the context.
It is clear that κ,S is a preorder on subrings of S, and hence ≈ κ,S is an equivalence relation. This equivalence relation and the results of this section are modeled on those in [2] , where Bergman and Shelah define an analogous relation for groups and classify into equivalence classes the subgroups of the group of permutations of an infinite set that are closed in the function topology.
Proposition 4. Let S, S
′ ⊆ E be subrings.
Proof. (i) follows from Theorem 1.
(ii) follows from Theorem 3 in [6] , which says that any chain of proper subrings of E having E as union must have > |Ω| terms. For if S ≈ |Ω| + E, then among subsets U ⊆ E of cardinality ≤ |Ω| such that S ∪ U = E, we can choose one of least cardinality. Let us write U = {f i : i ∈ |U|}. Then the subrings S i = S ∪ {f j : j < i} (i ∈ |U|) form a chain of ≤ |Ω| proper subrings of E. If |U| were infinite, this chain would have union E, contradicting the quoted result. So U is finite, and S ≈ ℵ 0 E.
We will devote the rest of this section to showing that a large natural class of subrings of E consists of elements that are ≺ κ E. First we need a few definitions and a lemma.
Definition 5. Let S be a ring and U a subset of S. We will say that s ∈ S is represented by a ring word of length 1 in elements of U if r ∈ U ∪ {0, 1, −1}, and, recursively, that s ∈ S is represented by a ring word of length n in elements of U if s = p + q or s = pq for some elements p, q ∈ S which can be represented by ring words of lengths m 1 and m 2 respectively, with n = m 1 + m 2 . Definition 6. Let U ⊆ E be a subset and x 1 , x 2 ∈ N = α∈Ω M. We will write p U (x 1 , x 2 ) = r if x 2 = x 1 f for some f ∈ E that is represented by a ring word of length r in elements of U, and r is the smallest such integer. If no such integer exists, we will write p U (x 1 , x 2 ) = ∞. Also, given x ∈ N and r ∈ Z + , let B U (x, r) = {y ∈ N : p U (x, y) ≤ r}. (Here p stands for "proximity," and B stands for "ball.") Definition 7. Given a nonzero subset X ⊆ N, we will say that Σ ⊆ Ω is the support of X if X ⊆ M Σ and Σ is the least such subset of Ω. Also, if κ is a regular infinite cardinal ≤ |Ω|, we will say that a subring S ⊆ E is κ-fearing if for every α ∈ Ω, (M α )S has support of cardinality < κ.
Lemma 8. Suppose that κ is a regular infinite cardinal ≤ |Ω|, M can be generated by < κ elements as an R-module, S ⊆ E is a κ-fearing subring, and U ⊆ E is a subset of cardinality < κ. Then for any x ∈ N and any r ∈ Z + , B S∪U (x, r) has support of cardinality < κ.
Proof. Let x ∈ N be any element. Then |{xf : f ∈ U}| < κ, since |U| < κ. So the support of {xf : f ∈ U} is contained the union of < κ finite sets and therefore has cardinality < κ. Also, {xf : f ∈ S} has support of cardinality < κ. (There is a finite subset Γ ⊆ Ω such that x ∈ M Γ . So, since S is κ-fearing, (M Γ )S has support of cardinality < κ.) So B S∪U (x, 1) = {xf : f ∈ S ∪ U} has support of cardinality < κ. Now, let X ⊆ N be a subset that has support of cardinality < κ. Since M can be generated by < κ elements, X is contained in a submodule of N that can be generated by < κ elements. Let {x ϕ : ϕ ∈ Φ} be a generating set for such a submodule, where |Φ| < κ. Then the submodule of N generated by {Xf : f ∈ S ∪ U} is contained in the submodule of N generated by ϕ∈Φ {x ϕ f : f ∈ S ∪ U}, which has support of cardinality < κ, by the previous paragraph and the regularity of κ. So {Xf : f ∈ S ∪ U} has support of cardinality < κ as well.
Hence, letting x ∈ N be any element and taking X = {xg : g ∈ S ∪ U}, we see that {xgf : g, f ∈ S ∪ U} has support of cardinality < κ. Also, {x(g + f ) : g, f ∈ S ∪ U} = {xg : g ∈ S ∪ U} + {xf : f ∈ S ∪ U}, as subsets of N, and so {x(g + f ) : g, f ∈ S ∪ U} has support of cardinality < κ. Therefore, by induction, for all x ∈ N and r ∈ Z + , B S∪U (x, r) has support of cardinality < κ.
Theorem 9. Suppose that κ is a regular infinite cardinal ≤ |Ω|, M can be generated by < κ elements as an R-module, and S ⊆ E is a κ-fearing subring. Then S ≈ κ E.
Proof. Let U ⊆ E be a subset such that |U| < κ. We will show that E S ∪ U . Let f ∈ S ∪ U be any element. Then f is represented by a word of length r in elements of S ∪ U for some r ∈ Z + . So p S∪U (x, xf ) ≤ r for every x ∈ N. Hence, if we find an endomorphism g ∈ E such that {p S∪U (x, xg) : x ∈ N} is unbounded, then g / ∈ S ∪ U . In order to construct such a g, let us first define two sequences of elements of N. We can pick x 1 = y 1 ∈ N arbitrarily, and then, assuming that elements with subscripts i < j have been chosen, we can find a finite subset Γ ⊆ Ω such that x 1 , . . . , x j−1 , y 1 , . . . , y j−1 ∈ M Γ . Now, let x j be any nonzero element in M Ω\Γ . Since x j = 0 and |Ω \ Γ| ≥ κ, M Ω\Γ ∩ x j E has support of cardinality ≥ κ. (For every α ∈ Ω \ Γ there is an endomorphism f ∈ E such that y = x j f has the property that y α = 0.) So (M Ω\Γ ∩ x j E) \ B S∪U (x j , j) is nonempty, since, by the previous lemma, B S∪U (x j , j) has support of cardinality < κ; let y j be any element thereof. Now, let {∆ j : j ∈ Z + } be a collection of disjoint subsets of Ω such that x j , y j ∈ ∆ j for each j ∈ Z + . Let g j ∈ End R (M ∆ j ) be an endomorphism such that y j = x j g j . Finally, let g ∈ E be an endomorphism such that the restriction of g to each M ∆ j is g j . Such an endomorphism will have the desired property.
We note that in the above lemma and theorem the restriction on the size of M is necessary. For example, suppose that M = α∈ℵ 0 L, for some nonzero left R-module L, and Ω = ℵ 0 . Let D be the diagonal subring of End R (N), consisting of all elements f ∈ End R (N) such that for each α ∈ Ω, M α f ⊆ M α . D is clearly ℵ 0 -fearing, but D ≈ ℵ 0 End R (N), since if we take any f ∈ End R (N) that restricts to an isomorphism M α ∼ = R N for some α ∈ Ω and let g ∈ End R (N) be the inverse of that isomorphism composed with the inclusion of M α in N, then End R (N) ⊆ gDf . In particular, for any nonzero element x ∈ N, B D∪{f,g} (x, 3) has support of cardinality ℵ 0 .
In subsequent sections we will focus on the case when Ω is countable. However, if Ω is assumed to be uncountable, then Lemma 8 can be used to obtain a conclusion stronger than the one in Theorem 9.
Proposition 10. Suppose that κ is a regular uncountable cardinal ≤ |Ω|, M can be generated by < κ elements as an R-module, S ⊆ E is a κ-fearing subring, and U ⊆ E is a subset of cardinality < κ. Then < S ∪ U > is also κ-fearing.
Proof. Let x ∈ N be any element. Then, by Lemma 8, B S∪U (x, r) has support of cardinality < κ for all r ∈ Z + . As a regular uncountable cardinal, κ has uncountable cofinality, so this implies that x < S ∪ U > (= r∈Z + B S∪U (x, r)) has support of cardinality < κ. Also, the support of R(x < S ∪ U >) is contained in the support of x < S ∪ U >, so (Rx) < S ∪ U > has support of cardinality < κ. Now, pick any element α ∈ Ω. Letting x range over a generating set of cardinality < κ for M α as an R-module, we conclude that M α < S ∪ U > has support of cardinality < κ. Hence, < S ∪ U > is a κ-fearing subring.
Weakly ℵ 0 -fearing subrings
In this section we will keep R, N = α∈Ω M, and E as before, but will now focus on the case when Ω is countable and M is finitely generated. For simplicity, we will assume that Ω = Z + . From now on ≺ ℵ 0 ,E , ℵ 0 ,E , and ≈ ℵ 0 ,E will be written simply as ≺, , and ≈, respectively. Also, we will view elements of E as row-finite matrices over End R (M), whenever convenient.
As in the previous section, we define D ⊆ E to be the subring consisting of all elements f ∈ End R (N) such that for each α ∈ Ω, M α f ⊆ M α . Let T ⊆ E denote the subring of lower-triangular matrices, consisting of all elements f ∈ E such that for each α ∈ Ω (= Z + ), M α f ⊆ M Σ , where Σ = {γ ∈ Ω : γ ≤ α}. Also, letT ⊆ E denote the subring of uppertriangular matrices, consisting of all elements f ∈ E such that for each α ∈ Ω, M α f ⊆ M Γ , where Γ = {γ ∈ Ω : γ ≥ α}. 
Since we are assuming that M is finitely generated, T ≺ E, by Theorem 9. On the other hand, we can obtain a result of the opposite sort forT .
Corollary 12.T ≈ E.
Proof. By the previous proposition, T T , since D ⊆T . So, E = T +T implies that T ≈ E.
Returning to the subring D, we can show that all ℵ 0 -fearing subrings of E are D. In fact, the same can be said of a larger class of subrings of E. We will devote the rest of the section to proving this. Definition 13. We will say that a subring S ⊆ E is weakly ℵ 0 -fearing if |{α ∈ Ω : (M α )S has infinite support}| < ℵ 0 . Lemma 14. Let S ⊆ E be a weakly ℵ 0 -fearing subring. Then there exists an ℵ 0 -fearing subring S
′ ⊆ E such that S S ′ . In particular, S ≈ E.
Proof. Upon enlarging S, if necessary, we may assume that D ⊆ S. Let Σ ⊆ Ω be the finite subset consisting of the elements α ∈ Ω such that (M α )S has infinite support. Let S ′ ⊆ S be the subring consisting of all elements f ∈ S such that (M α )f ⊆ (M α ) for all α ∈ Σ, and let S ′′ ⊆ S be the subring consisting of all elements f ∈ S such that (M α )f ⊆ (M α ) for all α / ∈ Σ, so in particular, S = S ′ + S ′′ . Then S ′ is ℵ 0 -fearing; let us show that S ′ ≈ S. To this end, we will demonstrate that S ′′ ⊆ S ′ ∪ U for some finite subset U ⊆ E. Let E fin ⊆ E denote the subring consisting of all elements that have only finitely many off-diagonal entries. Also, let us write e ij to denote the standard matrix units. There are countably many such elements, so {e ij : i, j ∈ Z + } ⊆ U, for some finite set U ⊆ E, by Theorem 1. Then
The final assertion follows from Theorem 9.
Lemma 15. Let S ⊆ E be an ℵ 0 -fearing subring. Then S T .
Proof. For each k ∈ Ω (= Z + ), let l k be the largest element in the union of the supports of (M j )S for all j ≤ k. Let f ∈ E be the endomorphism that takes M l k identically to M k , for each positive integer k, and takes M α to zero if α = l k for all k ∈ Z + . Also, let g ∈ E be the endomorphism that takes M k identically to M l k for each positive integer k. Now, let h ∈ S be any element. Then f h ∈ T , and g(f h) = (gf )h = 1 · h = h. Hence, S ⊆ gT .
Let us summarize the results of this section. Proof. This follows from Proposition 11, Lemma 14, and Lemma 15.
Subrings arising from preorders
Keeping the notation from the previous section, we will now focus on subrings S ⊆ E such that D S. For this, we will need a new concept.
Definition 17. Let ρ be a preordering of Ω. Define E(ρ) ⊆ E to be the subset consisting of those elements f ∈ E such that for all α, β ∈ Ω, (
It is clear that the subsets E(ρ) are subrings. D, T ,T , and E are examples of such subrings, as are all subrings of the form E {Σ} . Indeed, we have that D = E(=), T = E(≥), andT = E(≤), where ≥ and ≤ have their usual meanings in the context of Z + = Ω. We also note that every subring of E of the form E(ρ) is closed in the function topology and contains D. In fact, if End R (M) is a division ring (e.g., if M is simple), then this characterizes such subrings of E.
Proposition 18. Suppose that End R (M) is a division ring, and let S ⊆ E be a subring. Then S = E(ρ) for some preordering ρ of Ω if and only if S is closed in the function topology and D ⊆ S.
Proof. Suppose that S is closed in the function topology and D ⊆ S. Let ρ = {(α, β) : (M α )Sπ β = 0} ⊆ Ω × Ω. Since S contains the identity element, ρ is reflexive. Now, let α, β ∈ Ω, and suppose that (M α )Sπ β = 0. Since π β ∈ S, this implies that (M α )S ∩ M β = 0. Writing ι α for the inclusion of M α in N, we conclude that π α Hom R (M α , M β )ι β ⊆ S, since End R (M) is a division ring and D ⊆ S. In particular, ρ is transitive, and hence a preorder.
Let f ∈ E be an element with the property that (M α )f π β = 0 implies (α, β) ∈ ρ. If (M α )f π β = 0 for only finitely many pairs (α, β), then f can be written as a sum of elements of sets of the form π α Hom R (M α , M β )ι β , and hence f ∈ S, by the previous paragraph. Since S is closed in the function topology, we conclude that if f ∈ E has the property that (M α )f π β = 0 implies (α, β) ∈ ρ, then f ∈ S. Hence, S = E(ρ).
The converse is clear.
In the previous section we showed that if M is finitely generated and S ⊆ E is a weakly ℵ 0 -fearing subring, then S ≈ E. It turns out that for a subring S ⊆ E of the form E(ρ) the property of being weakly ℵ 0 -fearing is not only sufficient but also necessary for S ≈ E. We require a lemma before proceeding to the proof of this statement.
Lemma 19. Let Φ and Γ be sets such that |Φ| = |Γ| = ℵ 0 , and let {Λ ϕ : ϕ ∈ Φ} be a collection of infinite subsets of Γ. Then there is a subset {ϕ j : j ∈ Z + } ⊆ Φ of distinct elements and a collection of infinite sets {Λ j : j ∈ Z + }, where for each j ∈ Z + ,Λ j ⊆ Λ ϕ j , such that one of the following holds:
Proof. Suppose that {ϕ j : j ∈ Z + } is a sequence of distinct elements of Φ. Let us inductively construct an infinite collection of sets {Λ j : j ∈ Z + }, where for each j ∈ Z + ,Λ j ⊆ Λ ϕ j , and Λ j+1 ⊆Λ j . LetΛ 1 = Λ ϕ 1 , and assuming thatΛ n has been constructed, letΛ n+1 =Λ n ∩Λ ϕ n+1 .
If there is a sequence of distinct elements of Φ, {ϕ j : j ∈ Z + }, such that the collection constructed above consists of infinite sets, then (1) is satisfied. So suppose that no such sequence exists. Let ϕ 1 , ϕ 2 , . . . , ϕ n ∈ Φ be any sequence of elements such that n ≥ 1, ∆ 1 := Λ ϕ 1 ∩ Λ ϕ 2 ∩ · · · ∩ Λ ϕn is infinite, and for all ϕ ∈ Φ \ {ϕ 1 , ϕ 2 , . . . , ϕ n }, ∆ 1 ∩ Λ ϕ is finite. Set Φ 1 = Φ \ {ϕ 1 , ϕ 2 , . . . , ϕ n }. Repeating the above process, let ϕ
is infinite, and for all ϕ ∈ Φ 1 \ {ϕ
Continuing in this fashion, we obtain a subset {ϕ j : j ∈ Z + } ⊆ Φ of distinct elements and a collection of infinite sets {∆ j : j ∈ Z + }, where for each j ∈ Z + , ∆ j ⊆ Λ ϕ j , and ∆ j ∩ ∆ j ′ is finite for j = j ′ . LetΛ 1 = ∆ 1 , and for each j > 1,
Proposition 20. Suppose that M is finitely generated, ρ is a preordering of Ω, and S = E(ρ). If S is not weakly ℵ 0 -fearing, then S ≈ E.
Proof. For each α ∈ Ω, denote the support of (M α )S by supp(M α S), and consider {supp(M α S) : |supp(M α S)| = ℵ 0 }, which is an infinite collection of infinite subsets of Ω, since S is not weakly ℵ 0 -fearing. By the previous lemma, there is a set Σ = {α j : j ∈ Z + } of distinct elements of Ω and a collection of infinite sets {Λ j : j ∈ Z + }, where for each j ∈ Z + , Λ j ⊆ supp(M α j S), |supp(M α j S)| = ℵ 0 , and either
We will now treat the two cases individually. Suppose that (1) holds. We begin by constructing a sequence {a j : j ∈ Z + } of elements ofΛ 1 . Pick a 1 ∈Λ 1 arbitrarily. Let a 2 ∈Λ 2 be such that a 2 = a 1 . Then let a 3 ∈Λ 3 be such that a 3 = a 2 and a 3 = a 1 , and so on. Now, let S ′ ⊆ S be the subset consisting of all endomorphisms f such that for each j ∈ Z + , (M α j )f ⊆ M Γ j , where Γ j = {a i : i ≥ j} ⊆Λ j . Let g ∈ E be the endomorphism that maps N to M Σ by sending M j identically to M α j for each j ∈ Z + = Ω. Also, let h ∈ E be an endomorphism that takes M Γ 1 to N by sending M a j identically to M j for each j ∈ Z + = Ω. ThenT = gS ′ h, since S = E(ρ). Hence, by Corollary 12, S ≈ E.
Suppose that (2) holds. Then j∈Z + MΛ j is direct. So there is an endomorphism h ∈ E that simultaneously maps each MΛ j isomorphically to N. Let S ′ ⊆ S be the subset consisting of all endomorphisms f such that for each
Corollary 21. Suppose that M is finitely generated, and let ρ be a preordering of Ω. Then E(ρ) ≈ E if and only if E(ρ) is not weakly ℵ 0 -fearing.
Proof. The forward implication was proved in Lemma 14, while the backward implication was proved in Proposition 20.
Putting together Corollary 21, Theorem 16, and the remarks after Definition 17 we obtain the following result.
Theorem 22. Suppose that M is finitely generated, and let ρ be a preordering of Ω. Then exactly one of the following holds:
If we assume that M is simple, then this theorem can be stated more succinctly.
Corollary 23. Suppose that M is simple, S ⊆ E is a subring that is closed in the function topology, and D ⊆ S. Then exactly one of the following holds:
Proof. This follows from Theorem 22 and Proposition 18.
It would be desirable to relax the condition D ⊆ S in the above statement, say, by instead considering closed subrings S satisfying I ⊆ S, where I is the diagonally embedded copy of End R (M) in E. However, doing so makes the situation much more messy, though we can show that in general such subrings fall into at least four equivalence classes. For the purposes of the proof, let C ⊆ E denote the subring I ∪ Hom R (N, M 1 )ι 1 = I + Hom R (N, M 1 )ι 1 , where ι 1 is the inclusion of M 1 in N.
Proposition 24. Suppose that M is simple and End R (M) has countable dimension as a vector space over its center. Then I ≺ C ≺ D ≺ E.
Proof. By Theorem 9, D ≺ E, and, by Theorem 16, C D. Also, I ⊆ C. So it suffices to show that I ≈ C ≈ D.
Let Z denote the center of End R (M). Also, let U ⊆ E be a finite subset. Then I ∪ U has countable dimension as a vector space over Z, and hence C ⊆ I ∪ U . So I ≈ C.
Setting H = Hom R (N, M 1 )ι 1 , we can write C = I + H. Let U ⊆ E be a finite subset, and consider the subring C ∪ U . Every element f of this subring can be expressed as f = g + h, where g ∈ I ∪ U and h is a sum of products of elements of I, H, and U, such that each product contains an element of H. Now, EH ⊆ H, so h is a sum of products of the form h ′ g ′ , where h ′ ∈ H and g ′ ∈ I ∪ U . For any subset Σ ⊆ Ω let ι Σ denote the inclusion of M Σ in N, and setH = {h ∈ E : ∃Σ ⊆ Ω finite, such thath ∈ Hom R (N, M Σ )ι Σ }, i.e., the set of matrices with zeros in all but finitely many columns. Then any f ∈ C ∪ U can be written as f = g + h, where g ∈ I ∪ U and h ∈H.
For each f ∈ T pick some h f ∈H. Then {f − h f : f ∈ T } is not contained in any subring of E that has countable dimension as a vector space over Z, regardless of how the h f 's are picked. So in particular, {f − h f : f ∈ T } ⊆ I ∪ U . Hence T ⊆ C ∪ U , by the previous paragraph, and so C ≈ D, by Proposition 11.
